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We investigate the behavior under Lorentz tranformations of perturbative coefficient functions in a collinear
twist-3 formalism relevant for high-energy observables including transverse polarization of hadrons. We argue
that those perturbative coefficient functions can, a priori, acquire quite different yet Lorentz-invariant forms
in various frames. This somewhat surprising difference can be traced back to a general dependence of the
perturbative coefficient functions on lightcone vectors which are introduced by the twist-3 factorization formulae
and which are frame-dependent. One can remove this spurious frame dependence by invoking so-called Lorentz
invariance relations (LIRs) between twist-3 parton correlation functions. Some of those relations for twist-3
distribution functions were discussed in the literature before. In this paper we derive the corresponding LIRs
for twist-3 fragmentation functions. We explicitly demonstrate that these LIRs remove the lightcone vector
dependence by considering transverse spin observables in the single-inclusive production of hadrons in lepton-
nucleon collisions, `N → hX. With the LIRs in hand, we also show that twist-3 observables in general can be
written solely in terms of three-parton correlation functions.
PACS numbers: 12.38.Bx,13.60.Hb,13.85.Ni
I. INTRODUCTION
Observables in single-inclusive processes that arise from
the transverse spin of hadrons have been studied for close
to 40 years. The first measurements of so-called single-spin
asymmetries (SSAs) were made at Argonne National Lab [1]
and FermiLab [2] in the mid-1970s, and then continued with
FermiLab again in the 1990s [3], and now most recently at
AGS [4, 5] and RHIC [6–13] at Brookhaven National Lab.
All of these experiments involved proton-(anti)proton colli-
sions that produced a single hadron (or jet), and only one of
the hadrons involved in the process was transversely polar-
ized. These reactions arise as twist-3 observables that probe
quark-gluon-quark (or tri-gluon) correlations in hadrons [14–
17]. In addition, there are also twist-3 double-spin asymme-
tries (DSAs) that arise when two hadrons are polarized: one in
the longitudinal direction and one in the transverse. These so
far have not been measured at proton-(anti)proton colliders,
but the PHENIX Collaboration at RHIC has proposed to run
such an experiment [18].
Much theoretical work has been performed over the years
to develop the collinear twist-3 formalism needed to describe
these proton-proton SSAs [14–17, 19–31] and DSAs [32–
38], including recent extensions to include fragmentation ef-
fects [26, 27, 29, 30, 38] and tri-gluon correlations [31, 37,
39–42]. Nevertheless, whether this framework can provide a
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definitive explanation of these observables (especially SSAs)
remains an open question. For example, within collinear
twist-3 factorization, SSAs in p↑p → h X at first were
thought to arise from quark-gluon-quark correlations inside
the transversely polarized proton through the so-called Qiu-
Sterman (QS) function [15–17, 21]. However, this descrip-
tion turned out to be inconsistent with the Sivers effect [43], a
closely related observable that arises in semi-inclusive deep-
inelastic scattering (SIDIS), and became known as the “sign-
mismatch” problem [44]. Later work actually gave strong ev-
idence that the QS function could not be the main source of
proton-proton SSAs [45, 46]. This led to a recent analysis
that indicated these asymmetries could very well come from
quark-gluon-quark fragmentation functions [47], but more
work is needed in order to ultimately resolve what causes
them. (A frequently used alternative approach is the so-called
Generalized Parton Model [48–50].)
Because of the complicated nature of proton-proton SSAs,
and the difficulty so far in isolating their source, one may in-
stead hope to gain insight into their origin by looking at SSAs
(and DSAs) in theoretically simpler lepton-nucleon scatter-
ing reactions. The prototype of such a reaction is the deep-
inelastic scattering (DIS) process ` N → ` X where the scat-
tered lepton is detected in the final state. Much of the currently
available information about the partonic substructure of the
nucleon originates from this process. Spin effects in DIS are
conventionally described in terms of the g1 and g2 structure
functions which can be probed in the DSA of a longitudinally
polarized lepton and a longitudinally (g1) or transversely (g2)
polarized nucleon. The latter observable can be analyzed in
the collinear twist-3 formalism as well. As is well-known, the
g2 structure function receives a major contribution from the
leading twist part of the g1 structure function, which is typi-
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2cally referred to as the Wandzura-Wilczek contribution [51].
Interestingly, deviations of the Wandzura-Wilczek approxi-
mation from experimental data can be explained by the afore-
mentioned quark-gluon-quark correlations [52].
On the other hand, a transverse nucleon SSA in DIS can
only be generated through higher order QED effects [46, 53–
56]. Although one may in principle get access not only to
quark-gluon-quark correlations [56] but also to quark-photon-
quark correlations [46] in the nucleon by measuring this SSA,
an experimental determination is difficult because of the small
size of the observable. Nonetheless, recent measurements
have been performed by HERMES [57] on a polarized pro-
ton target and at Jefferson Lab [58] on a polarized He3 target,
where the first non-vanishing effect has been seen.
One may consider the process of single-hadron production
from lepton-nucleon collisions, i.e., ` N → h X, as a hy-
brid of single-hadron production from pp-collisions and DIS.
In the case of the former, the replacement of the unpolar-
ized proton in p↑p → h X by an unpolarized lepton leads to
tremendous theoretical simplifications. This is because many
twist-3 functions, such as tri-gluon correlations or chiral-odd
quark-gluon-quark correlations (in the unpolarized proton),
which compete in a leading-order (LO) description for pp-
collisions, will not appear in the collinear twist-3 framework
for ` N → h X (at LO). Also, one must calculate significantly
less Feynman diagrams to determine the perturbative coeffi-
cients in `N-collisions.
Moreover, there are other motivations behind analyz-
ing ` N → h X. First, one can scrutinize the theoreti-
cal techniques behind collinear twist-3 calculations through
checks of gauge invariance and Lorentz invariance (frame-
independence). Second, data exists for SSAs (` p↑ →
{pi, K} X [59], ` n↑ → {pi, K} X [60], ` p → Λ↑X [61]) and
DSAs (~`n↑ → {pi, K} X [62]) in this reaction, and already
several theoretical works in the literature have analyzed these
observables [50, 63–66]. Lastly, one can attempt to push
the twist-3 framework to next-to-leading-order for this pro-
cess [67, 68].
In this paper we address the first item, namely the gauge
invariance and Lorentz invariance of twist-3 observables, es-
pecially the ones that involve twist-3 fragmentation functions.
These issues have only been studied in bits and pieces in the
literature. For example, only in Ref. [65] were both the gauge
invariance and Lorentz invariance of the result checked, where
for the latter a LIR was needed to demonstrate the frame-
independence of the distribution term. We trace the origin of
why twist-3 observables are not manifestly frame independent
(i.e., why one must employ LIRs) and derive such LIRs at the
operator level for both twist-3 distribution and fragmentation
functions. We then compute several twist-3 transverse spin
observables for ` N → h X and explicitly demonstrate their
Lorentz invariance by using the LIRs. With the LIRs in hand,
we also show how one can write twist-3 observables solely in
terms of three-parton correlation functions.
The paper is organized as follows: in Sec. II we intro-
duce the relevant twist-3 correlation functions and, in partic-
ular, derive the LIRs between them at the operator level. We
also show how all twist-3 functions can be written in terms
of three-parton correlations. Next, in Sec. III we discuss
in detail why twist-3 observables, a priori, could be frame-
dependent and demonstrate (using asymmetries in various po-
larized ` N → h X processes) how LIRs remove the frame
dependence. We write final results solely in terms of three-
parton correlations in order to emphasize that these are the es-
sential functions in the description of twist-3 SSAs and DSAs
studied here. Finally, in Sec. IV we summarize our work and
give our conclusions.
II. DERIVATION OF LORENTZ INVARIANCE
RELATIONS BETWEEN TWIST-3 CORRELATORS
In this section we derive the LIRs that involve twist-3 cor-
relation functions, where we restrict ourselves to correlation
functions of quark fields. We will investigate twist-3 matrix
elements for parton correlations in the nucleon and parton
correlations in the fragmenting hadron. Although, in gen-
eral, twist-3 matrix elements lack a probability interpreta-
tion (in contrast to ordinary twist-2 parton distribution func-
tions (PDFs) or fragmentation functions (FFs)), for the sake
of brevity we will nevertheless refer to twist-3 correlations in
the nucleon as parton distributions and to twist-3 correlations
in the fragmenting hadron as fragmentation functions. After
defining and parameterizing these correlators, we then review
a class of previously known relations, called equation of mo-
tion (e.o.m.) relations, before moving on to derive the afore-
mentioned LIRs, where those for fragmentation functions are
new from this work.
A. Parameterizations of matrix elements of twist-3 operators
We present the common parameterizations of twist-3 matrix
elements that are relevant for the pQCD description of trans-
verse spin observables in inclusive high-energy processes.
Unlike the case of twist-2 reactions, there are several differ-
ent matrix elements that can contribute to twist-3 observables.
We will refer to them as intrinsic, kinematical, and dynamical
correlation functions.
We start with the intrinsic twist-3 functions. These are
given in terms of ordinary collinear two-quark operators,
where, in the language of lightcone quantization, the so-called
“bad component” [69] of one of the quark fields is probed.
They are defined in terms of a distribution correlator Φ,
Φ
q
i j(x) =
∫ ∞
−∞
dλ
2pi
eiλx〈P, S | q¯ j(0)W[0 ; λn] qi(λn) |P, S 〉 , (1)
and a fragmentation correlator ∆,
∆
q
i j(z) =
1
Nc
∑
X
∫ ∫ ∞
−∞
dλ
2pi
e−i
λ
z 〈0|W[±∞m ; 0] qi(0) |PhS h; X〉
×〈PhS h; X| q¯ j(λm)W[λm ; ±∞m] |0〉 . (2)
where q is a quark field andW is a Wilson line that renders
these matrix elements color gauge invariant. The number of
colors is indicated by Nc. The two definitions (1) and (2)
3incorporate two lightcone vectors nµ and mµ. The momenta
Pµ and Pµh of the nucleon and the outgoing hadron, respec-
tively, are themselves approximately lightcone vectors with
P2 ' 0 and P2h ' 0 for negligible nucleon/hadron masses.
Hence, the vector n is defined to represent the “adjoint” light-
cone direction with n2 = 0 and P · n = 1. Likewise, we
have m2 = 0 and Ph · m = 1. We note that those two con-
ditions do not completely fix the adjoint lightcone vectors nµ
and mµ for given hadron momenta Pµ and Pµh. In fact, there is
a certain arbitrariness in the choice of nµ and mµ which will
be discussed further in the following section. Only after the
lightcone vectors n and m are chosen or fixed can one identify
the “transverse” directions with respect to P and n through
aµT ≡ gµνT aν = (gµν − Pµnν − Pνnµ)aν (labeled by a subscript
T ) as well as a “transverse” direction with respect to Ph and
m through aν⊥ ≡ gµν⊥ aν = (gµν − Pµhmν − Pνhmµ)aν (labeled by
a subscript ⊥). The correlators Φ and ∆ defined in (1) and
(2) carry two Dirac indices i, j and are therefore Dirac matri-
ces. They can be parameterized in terms of scalar functions
called distribution functions in the case of Φ and fragmenta-
tion functions in the case of ∆. Those parameterizations were
presented in the literature (cf. [70–72]), and we just give the
results for Φ,
Φq(x) =
1
2
(
/P f q1 (x) + M e
q(x)
−M (S · n) /Pγ5 gq1(x) + 12M2 (S · n) [ /P, /n]γ5 hqL(x)
−1
2
[ /P, /S ]γ5 h
q
1(x) − M ( /S − (S · n) /P)γ5 gqT (x)
)
, (3)
and ∆,
∆q(z) =
1
z
(
/Ph D
q
1(z) + Mh E
q(z) + i2Mh[ /Ph, /m] H
q(z)
−Mh (S h · m) /Phγ5 Gq1(z)
+ 12M
2
h(S h · m) [ /Ph, /m]γ5 HqL(z) − M2h(S h · m)iγ5 EqL(z)
−1
2
[ /Ph, /S h]γ5 H
q
1(z) − Mh PhmαS hγα DqT (z)
−Mh ( /S h − (S h · m) /Ph)γ5 GqT (z)
)
. (4)
We encounter the spin vectors S µ and S µh for spin-1/2 hadrons
in those parameterizations. They obey the conditions S 2 =
−1 and P · S = 0, as well as S 2h = −1 and Ph · S h = 0.
In addition, the nucleon and hadron masses, M and Mh, are
introduced to match the mass dimensions. Our convention for
the Levi-Civita tensor is 0123 = 1. The correlators Φ and ∆
are parameterized up to twist-3 correlation functions. Twist-4
functions are dropped as they do not serve the purpose of this
paper.
The parton distribution functions (PDFs) f1, g1, and h1 are
the leading twist unpolarized, helicity, and transversity parton
densities that appear in (polarized) twist-2 observables [73–
75]. The fragmentation functions (FFs) D1,G1, and H1 are the
twist-2 counterparts on the fragmentation side for these PDFs.
The remaining twist-3 correlation functions lack a probabilis-
tic interpretation and are what we call intrinsic twist-3 func-
tions. Each function defined in (3) and (4) has a support
−1 < x < 1 or 0 < z < 1. Antiquark distribution and fragmen-
tation functions are defined by replacing the non-local opera-
tors in (1) and (2) by their charge conjugated operators, which
results in q → Cq¯T and q¯ → −qTC−1, where C ≡ iγ2γ0
is the charge conjugation matrix. The antiquark distribu-
tions defined this way are related to the quark distributions
as f q¯(x) = − f q(−x) for f = f1, h1, hL and f q¯(x) = f q(−x) for
f = g1, gT , e, while no such relations exist for the fragmen-
tation functions.
The second class of twist-3 matrix elements are the kine-
matical correlation functions. These types of functions orig-
inate from matrix elements that depend on the parton trans-
verse momentum. We consider the following quantities,
Φ
q
i j(x, kT ) =
∫ ∞
−∞
dλ
2pi
∫
d2zT
(2pi)2
eixλ+ikT ·zT ×
〈P, S | q¯ j(0)W[0 ; ∞n] ×
W[∞n ; ∞n +∞zT ] × W[∞n +∞zT ; ∞n + zT ] ×
W[∞n + zT ; λn + zT ] qi(λn + zT ) |P, S 〉 , (5)
∆
q
i j(z, p⊥) =
1
Nc
∑
X
∫ ∫ ∞
−∞
dλ
2pi
∫
d2z⊥
(2pi)2
e−i
λ
z −ip⊥·z⊥ × (6)
〈0|W[±∞m +∞z⊥ ; ±∞m] ×W[±∞m ; 0] qi(0)|PhS h; X〉 ×
〈PhS h; X| q¯ j(λm + z⊥) ×
W[λm + z⊥ ; ±∞m + z⊥] ×W[±∞m + z⊥ ; ±∞m +∞z⊥] |0〉 .
The kinematical twist-3 correlators Φρ
∂
(x) and ∆ρ
∂
(z) are then
generated by weighting the correlators Φ(x, kT ) and ∆(z, p⊥)
by the parton transverse momentum and integrating over it,
Φ
q,ρ
∂,i j(x) =
∫
d2kT k
ρ
T Φ
q
i j(x, kT ) , (7)
∆
q,ρ
∂,i j(z) =
∫
d2p⊥ p
ρ
⊥ ∆
q
i j(z, p⊥) . (8)
The parameterization of those matrix elements can again be
found in Refs. [70–72],
Φ
q,ρ
∂
(x) =
1
2
(
MPnρS /P f⊥(1), q1T (x)
−M(S ρ − Pρ(n · S )) /Pγ5 g(1), q1T (x)
+
1
2
M2(n · S ) ([ /P, γρ]γ5 − Pρ[ /P, /n]γ5) h⊥(1), q1L (x)
+
i
2
M ([ /P, γρ] − Pρ[ /P, /n]) h⊥(1), q1 (x)
)
, (9)
∆
q,ρ
∂
(z) =
1
z
(
MhPhmρS h /Ph D
⊥(1), q
1T (z)
−Mh(S ρh − Pρh(m · S h)) /Phγ5 G⊥(1), q1T (z)
+
1
2
M2h(m · S h)
(
[ /Ph, γρ]γ5 − Pρh[ /Ph, /m]γ5
)
H⊥(1), q1L (z)
4+
i
2
Mh
(
[ /Ph, γρ] − Pρh[ /Ph, /m]
)
H⊥(1), q1 (z)
)
. (10)
As our notation indicates, the kinematical twist-3 functions
can be written as transverse-momentum-moments of trans-
verse momentum dependent (TMD) parton distribution and
fragmentation functions. These moments are defined as
f (1)(x) =
∫
d2kT
~k 2T
2M2
f (x, k2T ) , (11)
D(1)(z) = z2
∫
d2p⊥
~p 2⊥
2M2h
D(z, z2p2⊥) . (12)
Antiquark distribution and fragmentation functions can also
be defined for the kinematical twist-3 functions as in the case
of the functions in (3) and (4). For the distribution functions,
quark and antiquark ones are related as f q¯(x) = f q(−x) for
f = f⊥(1)1T , h
⊥(1)
1L , h
⊥(1)
1 and f
q¯(x) = − f q(−x) for f = g⊥(1)1T . No
such relations exist for the fragmentation functions.
The third type of twist-3 correlators can be generated from
matrix elements that involve three parton fields. These consist
typically of two quark fields q and one gluonic field-strength
tensor Fµν. Such terms are called dynamical or genuine or
pure twist-3 correlation functions in the literature. Here we
will refer to them as dynamical twist-3 matrix elements. They
exist for both distribution and fragmentation, and are defined
as follows:
Φ
q,ρ
F,i j(x, x
′) =
∫ ∞
−∞
dλ
2pi
∫ ∞
−∞
dµ
2pi
eix
′λ+i(x−x′)µ × (13)
〈P, S | q¯ j(0)W[0 ; µn] ignηFηρ(µn)W[µn ; λn] qi(λn) |P, S 〉,
∆
q,ρ
F,i j(z, z
′) =
1
Nc
∑
X
∫ ∫ ∞
−∞
dλ
2pi
∫ ∞
−∞
dµ
2pi
ei
λ
z′ +i(
1
z − 1z′ )µ ×
〈0|W[±∞m ; µm] igmηFηρ(µm) ×
W[µm ; λm]qi(λm) |PhS h ; X〉 ×
〈PhS h ; X| q¯ j(0)W[0 ; ±∞m] |0〉 . (14)
Since three parton fields are involved in these matrix elements,
the correlators ΦρF and ∆
ρ
F depend on two partonic momen-
tum fractions x and x′ or z and z′. As before, the matrix ele-
ments can be parameterized in terms of scalar functions (see,
e.g., [14, 16, 20, 29, 30, 66, 76, 77]), and they read
Φ
q,ρ
F (x, x
′) =
M
2
(
PnρS /P iFqFT (x, x
′) (15)
−(S ρ − Pρ(n · S )) /Pγ5 GqFT (x, x′)
+
i
2
([ /P, γρ] − Pρ[ /P, /n]) iHqFU(x, x′)
+
M
2
(n · S ) ([ /P, γρ]γ5 − Pρ[ /P, /n]γ5) HqFL(x, x′)
)
,
∆
q,ρ
F (z, z
′) =
Mh
z
(
PhmρS h /Ph iDˆ
q
FT (z, z
′) (16)
−(S ρh − Pρh(m · S h)) /Phγ5 GˆqFT (z, z′)
+
i
2
([ /Ph, γρ] − Pρh[ /Ph, /m]) iHˆqFU(z, z′)
+
Mh
2
(m · S h) ([ /Ph, γρ]γ5 − Pρh[ /Ph, /m]γ5) HˆqFL(z, z′)
)
.
We note that the twist-3 three-parton distributions are real-
valued functions whereas the twist-3 three-parton fragmen-
tation functions are complex. Other parameterizations for
∆
ρ
F with different prefactors of z may be found in the litera-
ture. We also note that FFT (x, x′) = FFT (x′, x), HFU(x, x′) =
HFU(x′, x), GFT (x, x′) = −GFT (x′, x) and HFL(x, x′) =
−HFL(x′, x). Hence, GFT (x, x) = HFL(x, x) = 0. Each dy-
namical twist-3 distribution has support on |x | ≤ 1, |x′| ≤ 1,
and |x− x′| ≤ 1. On the fragmentation side we have in general
∆
ρ
F(z, z) = 0 as well as ∆
ρ
F(z, 0) = 0 [78]. We further prove in
the Appendix that ∂
∂(1/z′) ∆
ρ
F(z, z
′)
∣∣∣∣
z′=z
= 0. This identity is new
and to the best of our knowledge has never been mentioned
in the literature. The support properties for dynamical twist-3
fragmentation functions are 0 ≤ z ≤ 1 and z < z′ < ∞.
For each dynamical twist-3 function, a “charge-conjugated”
function can be defined by considering the matrix element
of the charge-conjugated non-local operator. This results in
the change of q → Cq¯T , q¯ → −qTC−1 and Fµν → −FTµν
in (15) and (16). For each distribution function Fq(x1, x2)
(F = FFT , GFT , HFU , HFL), we call the resulting distri-
bution F q¯(x1, x2). We then have the relations for the dis-
tribution functions as F q¯(x1, x2) = Fq(−x2,−x1) for F =
FFT , HFU , HFL and F q¯(x1, x2) = −Fq(−x2,−x1) for F =
GFT . For the fragmentation functions there is no such rela-
tions between the original function and the charge-conjugated
one. One needs to keep in mind the support properties dis-
cussed above when deriving relations among the twist-3 dis-
tribution and fragmentation functions.
B. QCD equation of motion relations
In a next step we list relations between intrinsic, kinemat-
ical, and dynamical correlation functions that can be derived
by applying the QCD e.o.m., ( /D(−y) + imq)q(−y) = 0 and
q¯(y)
(←−
/D(y) − imq
)
= 0 (where Dµ = ∂µ − igAµ), to the field
operators in the matrix elements. Such relations were already
mentioned in the literature, e.g., Refs. [14, 20, 29, 30, 66, 76,
77, 79, 80]. The most prominent of these QCD e.o.m. rela-
tions was extensively used in the theoretical description of the
g2 structure function in DIS. It connects the kinematical twist-
3 function g(1)1T , the intrinsic twist-3 function gT , and the dy-
namical twist-3 functions FFT and GFT , as well as quark mass
mq effects proportional to the transversity h1, in the following
way:
g(1),q1T (x) = x g
q
T (x)−mqM hq1(x)+P
∫ 1
−1
dx′
FqFT (x, x
′) −GqFT (x, x′)
x − x′ ,
(17)
5where P denotes the principal value prescription. There are
two more relations that can be derived from the QCD e.o.m.,
h⊥(1),q1L (x) = −
x
2
hqL(x) +
mq
2M g
q
1(x)− P
∫ 1
−1
dx′
HqFL(x, x
′)
x − x′ , (18)
and
x eq(x) = mqM f
q
1 (x) − 2P
∫ 1
−1
dx′
HqFU(x, x
′)
x − x′ . (19)
Analogously, one can derive relations for twist-3 fragmen-
tation functions from the QCD e.o.m. Since there is a richer
structure in the parameterizations (4), (10), and (16) due to the
absence of a time-reversal constraint, one can derive more re-
lations compared to the case of twist-3 distributions. The most
relevant e.o.m. relations are for unpolarized outgoing hadrons,
H⊥(1),q1 (z) = −
Hq(z)
2z
+
∫ ∞
z
dz′
z′2
=[HˆqFU(z, z′)]
1
z − 1z′
, (20)
and
−E
q(z)
2z
=
∫ ∞
z
dz′
z′2
<[HˆqFU(z, z′)]
1
z − 1z′
− mq
2Mh
Dq1(z) . (21)
For a transversely polarized hadron one can derive the follow-
ing relations between twist-3 fragmentation functions,
D⊥(1),q1T (z) = −
DqT (z)
z
+
∫ ∞
z
dz′
z′2
=[DˆqFT (z, z′)] − =[GˆqFT (z, z′)]
1
z − 1z′
, (22)
G(1),q1T (z) =
GqT (z)
z
− mq
Mh
Hq1(z)
+
∫ ∞
z
dz′
z′2
<[DˆqFT (z, z′)] −<[GˆqFT (z, z′)]
1
z − 1z′
. (23)
For completeness we also note that there are relations between
twist-3 fragmentation functions for a longitudinally polarized
hadron, and they read
EqL(z)
2z
= −
∫ ∞
z
dz′
z′2
=[HˆqFL(z, z′)]
1
z − 1z′
, (24)
H⊥(1),q1L (z) = −
HqL(z)
2z
+
mq
2Mh
Gq1(z) −
∫ ∞
z
dz′
z′2
<[HˆqFL(z, z′)]
1
z − 1z′
.
(25)
C. Lorentz invariance relations
In this subsection we derive another set of relations between
intrinsic, kinematical, and dynamical twist-3 functions. Such
relations can be obtained from identities among the non-local
operators in which the fields are not necessarily located on the
lightcone [81–83] and fully incorporate the constraints from
Lorentz invariance. Combination of these resulting relations
and the e.o.m. relations discussed in the previous subsection
leads to the LIRs. The method employed here has been widely
used to obtain the relations among twist-3 distributions [20,
81, 84] and among twist-3 distribution amplitudes [82, 85, 86]
relevant to exclusive processes. Here we apply this method
systematically to the case of twist-3 fragmentation functions
and derive the corresponding LIRs. As we will see in later
sections, these LIRs play a critical role to guarantee the frame
independence of twist-3 cross sections.
1. LIRs for twist-3 distribution functions
Here we first present a brief review of the method to derive
LIRs among the twist-3 distributions. A crucial ingredient is
the following identity for the gauge invariant non-local opera-
tor of the form [81, 82]
Jˆ[Γ]ρα (y) ≡ yρ
∂
∂yα
q¯(y)W[y;−y]Γq(−y)
= yρ q¯(y)
(←−
Dα(y)W[y;−y] −W[y;−y]Dα(−y)
)
Γq(−y)
+ i yρ
∫ 1
−1
dt t q¯(y)W[y; ty]gFαy(ty)W[ty;−y]Γq(−y) , (26)
where y is a general space-time coordinate not necessarily on
the lightcone (y2 , 0) and Γ is a Dirac matrix. To get a relation
among the distributions, we introduce the derivative over the
total translation as
∂ρ
{
q¯(y)W[y;−y]Γ′q(−y)}
≡ lim
ξρ→0
d
dξρ
q¯(y + ξ)W[y + ξ;−y + ξ]Γ′q(−y + ξ)
= q¯(y)
←−
Dρ(y)W[y;−y]Γ′q(−y) + q¯(y)W[y;−y]Γ′Dρ(−y)q(−y)
+ i
∫ 1
−1
dt q¯(y)W[y; ty]gFρy(ty)W[ty;−y]Γ′q(−y) , (27)
where Γ′ is another Dirac matrix. For simplicity in notation,
we shall omit the gauge-linksW[y;−y],W[y; ty],W[ty;−y],
etc. in the non-local operators below. Due to translational in-
variance, the forward matrix element of this total derivative
vanishes:
〈P, S |∂ρ {q¯(y)Γ′q(−y)} |P, S 〉 = 0 . (28)
To obtain the relations among the twist-3 distributions, one
needs to take the nucleon matrix element of (26) and the light-
cone limit y2 → 0. A judicious choice of Γ′ in (27) and (28),
together with the QCD e.o.m., enables one to replace in this
matrix element the terms containing the covariant derivative
6by those containing the field strength tensor.
For the relation among gT , g1, FFT , and GFT , we consider
the matrix element of (26) with Γ = (gραgλσ − gασgρλ)γλγ5
and that of (28) with Γ′ = yβ(σσβγρ + γρσσβ)γ5. After some
algebra, one obtains the identity as
〈P, S |yµ
(
∂
∂yµ
q¯(y)γσγ5q(−y) − ∂
∂yσ
q¯(y)γµγ5q(−y)
)
|P, S 〉
= 〈P, S |2mqq¯(y)σyσγ5q(−y)|P, S 〉
−〈P, S |
∫ 1
−1
dt t q¯(y)g Fσy(ty) /y i γ5q(−y)|P, S 〉
+〈P, S |
∫ 1
−1
dt q¯(y)g Fρy(ty)λyσργλq(−y)|P, S 〉, (29)
where we have already used the relation (28) and the QCD
e.o.m. Taking the lightcone limit (y2 → 0) for this expression,
one arrives at the following “Jˆ-operator relation” [20, 81, 84]
gq1(x) + x
dgqT (x)
dx
=
mq
M
dhq1(x)
dx
− P
∫ 1
−1
dx′
1
x − x′
×
[(
∂
∂x
+
∂
∂x′
)
FqFT (x, x
′) −
(
∂
∂x
− ∂
∂x′
)
GqFT (x, x
′)
]
. (30)
This equation can be solved to give gT in terms of g1, FFT ,
and GFT . We shall postpone the solution to the next subsec-
tion. Instead we notice here a particular relation obtained by
combining (30) and the e.o.m. relation (17). Taking the sum
of (30) and ddxg
(1)
1T (x) from (17), one obtains
gqT (x) = g
q
1(x) +
d
dx
g(1),q1T (x) − 2P
∫ 1
−1
dx′
GqFT (x, x
′)
(x − x′)2 . (31)
This is the relation known as a LIR in the literature [52, 87]
(see also Refs. [70, 88–90]). We notice that the quark mass
term vanishes in this LIR.
The Jˆ-operator relation among h1, hL, and HFL can be
obtained by choosing Γ = iγ5σρα in (26) and Γ′ = γ5 in
(28) [84, 87]. Taking the matrix element of the operator iden-
tity in the lightcone limit y2 → 0, one obtains1
−x2 d
dx
(
hqL(x)
x
)
= 2hq1(x) −
mq
M
dgq1(x)
dx
+2P
∫ 1
−1
dx′
1
x − x′
(
∂
∂x
− ∂
∂x′
)
HqFL(x, x
′) . (32)
Similar to the procedure that led from (30) to (31), combining
(32) and the e.o.m. relation (18) leads to another LIR,
hqL(x) = h
q
1(x) −
d
dx
h⊥(1),q1L (x) + 2P
∫ 1
−1
dx′
HqFL(x, x
′)
(x − x′)2 . (33)
As in the case of (31), this relation is independent of the quark
mass.
1 One needs to keep the nucleon mass P2 = M2 to obtain (32). See [84, 87]
for details.
The choice of Γ = 1 in (26) leads to a Jˆ-operator rela-
tion between e and HFU , but this is simply the same as the
e.o.m. relation (19).
2. LIRs for twist-3 fragmentation functions
In order to derive LIRs for the twist-3 fragmentation func-
tions, we need to extend the technique used in the previous
subsection to the non-local operators for the fragmentation
matrix elements [83]. To this end we first define the following
quantity,
〈Iˆ[Γ]ρα (y)〉 ≡ yρ
∂
∂yα
〈0|W[±∞y;−y] q(−y) |Ph, S h; X〉
×〈Ph, S h; X| q¯(y) ΓW[y;±∞y] |0〉 , (34)
where Γ is an appropriate Dirac matrix. We need to re-
late 〈Iˆ[Γ]ρα (y)〉 to the correlation functions containing the field
strength. The derivative in (34) can be performed using the
identities
∂
∂yµ
W[±∞y;−y]q(−y) = −W[±∞y; y]Dµ(−y)q(−y)
+i
∫ ±∞
−1
dt tW[±∞y; ty]gFµy(ty)W[ty;−y]q(−y) , (35)
and
∂
∂yµ
q¯(y)W[y;±∞y] = q¯(y)←−Dµ(y)W[y;±∞y]
+i
∫ 1
±∞
dt t q¯(y)W[y; ty]gFµy(ty)W[ty;±∞y] , (36)
where we have discarded the boundary term at ±∞y. We also
note that the total derivative of the fragmentation correlator
vanishes due to translational invariance,
0 = ∂ρ〈0|W[±∞y;−y] q(−y) |Ph, S h; X〉
×〈Ph, S h; X| q¯(y) Γ′W[y;±∞y] |0〉
= lim
ξρ→0
d
dξρ
〈0|W[±∞y + ξ;−y + ξ] q(−y + ξ) |Ph, S h; X〉
×〈Ph, S h; X| q¯(y + ξ) Γ′W[y + ξ;±∞y + ξ] |0〉
= 〈0|W[±∞y;−y] Dρ(−y)q(−y) |Ph, S h; X〉
×〈Ph, S h; X| q¯(y) Γ′W[y;±∞y] |0〉
+〈0|W[±∞y;−y] q(−y) |Ph, S h; X〉
×〈Ph, S h; X| q¯(y)←−Dρ(y) Γ′W[y;±∞y] |0〉
+〈0|
∫ ±∞
−1
dtW[±∞y; ty]igFρy(ty)W[ty;−y]q(−y)
×|Ph, S h; X〉〈Ph, S h; X| q¯(y) Γ′W[y;±∞y] |0〉
+〈0|W[±∞y;−y]q(−y) |Ph, S h; X〉
×〈Ph, S h; X|
∫ 1
±∞
dt q¯(y) Γ′W[y; ty]igFρy(ty)W[ty;±∞y] |0〉 .
(37)
7Since the form of the gauge-links appearing in the fragmen-
tation matrix elements in Eqs. (34)–(37) is obvious, we shall
omit them in the matrix elements below. As for the case of the
distribution functions, the relation (37) can be used to elim-
inate the terms which appear with the covariant derivative in
〈Iˆ[Γ]ρα (y)〉 in favor of those with the field strength tensor.
Unlike the distribution functions, dynamical twist-3 frag-
mentation functions (DˆFT , GˆFT , HˆFU , and HˆFL) are com-
plex, and the real parts of these functions are “naively” time-
reversal even (T -even). Since their Lorentz and spinor struc-
tures are the same as those for the T -even distribution func-
tions, the LIRs involving<[GˆFT ],<[HˆFL] can be obtained in
parallel with the corresponding twist-3 distribution functions.
Using the same Γ and Γ′ in (34) and (37), the LIRs read
GqT (z)
z
=
Gq1(z)
z
+
(
1 − z d
dz
)
G(1),q1T (z)
−2
z
∫ ∞
z
dz′
z′2
<[GˆqFT (z, z′)]
(1/z − 1/z′)2 , (38)
HqL(z)
z
=
Hq1(z)
z
−
(
1 − z d
dz
)
H⊥(1),q1L (z)
+
2
z
∫ ∞
z
dz′
z′2
<[HˆqFL(z, z′)]
(1/z − 1/z′)2 , (39)
where we used the property ∂
∂(1/z′) ∆
ρ
F(z, z
′)
∣∣∣∣∣
z′=z
= 0, which is
proven in Appendix A. We note that (38) can be obtained from
(31) by the formal replacement: gT (x) → GT (z)/z, g1(x) →
G1(z)/z, GFT (x, x′) → <[GˆFT (z, z′)]/z, g(1)1T (x) → G(1)1T (z)/z
and ddx → dd(1/z) . Likewise, Eq. (39) can be obtained from
(33) by hL(x) → HL(z)/z, h1(x) → H1(z)/z, HFL(x, x′) →
<[HˆFL(z, z′)]/z, h⊥(1)1L (x)→ H⊥(1)1L (z)/z and ddx → dd(1/z) .
The derivation of LIRs involving the imaginary part of the
dynamical twist-3 fragmentation functions requires new cal-
culations. For the relations among DT , =[DFT ], and =[GFT ],
we choose Γ = αµρS⊥γµ in (34) and Γ′ = αµyS⊥ (σαµγρ +
γρσαµ) in (37). One then obtains the following relation:
αµyS⊥
∂
∂yα
〈0|γµq(−y)|Ph, S h; X〉〈Ph, S h; X|q¯(y)|0〉
= 〈0|
∫ ±∞
−1
dt gFS⊥y(ty)γ5 /yq(−y)|Ph, S h; X〉〈Ph, S h; X|q¯(y)|0〉
+〈0|γ5 /yq(−y)|Ph, S h; X〉〈Ph, S h; X|
∫ 1
±∞
dt q¯(y)gFS⊥y(ty)|0〉
+αµyS⊥〈0|
∫ ±∞
−1
dt t igFαy(ty)γµq(−y)|Ph, S h; X〉
×〈Ph, S h; X|q¯(y)|0〉
+αµyS⊥〈0|γµq(−y)|Ph, S h; X〉
×〈Ph, S h; X|
∫ 1
±∞
dt t q¯(y)igFαy(ty)|0〉 , (40)
where we found that the quark mass terms cancel out. Taking
the lightcone limit (y2 → 0) of (40) as well as the sum over X,
one obtains the following “Iˆ-operator relation”:
−1
z
d
d(1/z)
(
DqT (z)
z
)
=
∫
d
(
1
z1
)
P
(
1
1/z − 1/z1
)
×

(
∂
∂(1/z)
+
∂
∂(1/z1)
) =[GˆqFT (z, z1)]
z
−
(
∂
∂(1/z)
− ∂
∂(1/z1)
) =[DˆqFT (z, z1)]
z
 . (41)
This is a new relation derived here for the first time. By taking
the sum of (41) and dd(1/z)
(
1
zD
⊥(1),q
1T (z)
)
from (22), one obtains
the LIR as
DqT (z)
z
= −
(
1 − z d
dz
)
D⊥(1),q1T (z)
−2
z
∫ ∞
z
dz′
z′2
=[DˆqFT (z, z′)]
(1/z − 1/z′)2 . (42)
For the Iˆ-operator relation among H and =[HˆFU], we
choose Γ = ραµνσµνiγ5 in (34) and Γ′ = 1 in (37), which
leads to the following identity:
µνραyρ
∂
∂yα
〈0|q(−y)|Ph, S h; X〉〈Ph, S h; X|q¯(y)σµνiγ5|0〉
= µνyα〈0|
∫ ±∞
−1
dt t ig Fαy(ty)q(−y)|Ph, S h; X〉
×〈Ph, S h; X|q¯(y)σµν iγ5|0〉
+µνyα〈0|q(−y)|Ph, S h; X〉
×〈Ph, S h; X|
∫ 1
±∞
dt t q¯(y)igFαy(ty) iσµνγ5|0〉, (43)
where the quark-mass terms again cancel out. Taking the
lightcone limit of this equation, one arrives at
1
z2
dHq(z)
d(1/z)
= 2P
∫
d
(
1
z1
)
1
1/z1 − 1/z
×
(
∂
∂ (1/z1)
− ∂
∂ (1/z)
) =[HˆqFU(z, z1)]
z
. (44)
This result is also new. As in (42), combining (44) with the
e.o.m. relation (20) leads to
Hq(z)
z
= −
(
1 − z d
dz
)
H⊥(1),q1 (z)
−2
z
∫ ∞
z
dz′
z′2
=[HˆqFU(z, z′)]
(1/z − 1/z′)2 . (45)
This completes the derivation of all LIRs for twist-3 distribu-
tion functions and fragmentation functions.
8D. Intrinsic and kinematical twist-3 functions expressed in
terms of dynamical twist-3 functions
In this subsection we show that the use of the e.o.m. re-
lations and the Jˆ- and Iˆ-operator relations from the previous
subsections allows one to express the intrinsic and kinemati-
cal twist-3 functions in terms of the dynamical twist-3 func-
tions and the usual twist-2 parton distribution/fragmentation
functions. Omitting the former in these expressions provides
a generalized Wandzura-Wilczek (WW) approximation [51].
Since the dynamical twist-3 functions and the twist-2 func-
tions do not mix under renormalization, these formulae pro-
vide a basis to derive the scale dependence of the twist-3
functions. The evolution equations for the dynamical and
the intrinsic twist-3 functions have been derived in the liter-
ature (see [81, 91–104] and references therein). It is also clear
from the relations below that the dynamical twist-3 functions
constitute a complete set of twist-3 correlators and all twist-3
cross sections in collinear factorization can be written in terms
of twist-2 functions and the dynamical twist-3 functions. In
this sense the intrinsic and kinematical twist-3 correlators can
be viewed as auxiliary functions. The use of those functions,
however, sometimes leads to a concise expression for twist-3
cross sections, at least in LO calculations, which makes them
convenient to keep for phenomenological analyses.
Here we derive the explicit expressions for the intrinsic and
kinematical twist-3 functions in terms of the twist-2 functions
and the dynamical twist-3 functions using the e.o.m. relations
and the Jˆ- and Iˆ-operator relations obtained in the previous
subsections. First, the integration of (30) immediately gives
gqT (x) =
∫ (x)
x
dx′
gq1(x
′)
x′
+
mq
M
1xhq1(x) +
∫ x
(x)
dx′
hq1(x
′)
x′2

+
∫ (x)
x
dx1
x21
P
∫ 1
−1
dx2
[
1 − x1 δ(x1 − x)
x1 − x2 F
q
FT (x1, x2)
−3x1 − x2 − x1(x1 − x2) δ(x1 − x)
(x1 − x2)2 G
q
FT (x1, x2)
]
,
(46)
where (x) = 2θ(x)− 1, and gqT (x) at x < 0 represents the anti-
quark distribution as stated in Sec. II A. This is the WW rela-
tion, which decomposes the twist-3 quark distribution gT into
the contributions from g1 and the dynamical twist-3 distribu-
tions FFT andGFT (and a quark mass term). Note that we have
used the delta function δ(x1 − x) to make the expression (46)
more compact, and it is to be understood that x falls within
the range of integration (x, (x)), i.e.,
∫ (x)
x dx1 f (x1)δ(x1− x) =
f (x). Inserting Eq. (46) into the e.o.m. relation (17), one ob-
tains
g(1),q1T (x) = x
∫ (x)
x
dx′
gq1(x
′)
x′
+
mq
M
x
∫ x
(x)
dx′
hq1(x
′)
x′2
(47)
+x
∫ (x)
x
dx1
x21
P
∫ 1
−1
dx2
[
FqFT (x1, x2)
x1 − x2
− (3x1 − x2)G
q
FT (x1, x2)
(x1 − x2)2
]
.
This result shows that the g(1)1T can also be written in terms of
g1 and the dynamical twist-3 distributions FFT and GFT .
Likewise, integration of (32) gives
hqL(x) = 2x
∫ (x)
x
dx1
hq1(x1)
x21
+
mq
M
gq1(x)x − 2x
∫ (x)
x
dx1
gq1(x1)
x31

+4x
∫ (x)
x
dx1
x31
×
P
∫ 1
−1
dx2
(x1/2)(x2 − x1)δ(x1 − x) + 2x1 − x2
(x1 − x2)2 H
q
FL(x1, x2) .
(48)
This is the WW analogue for hL, which shows that hL can
be expressed in terms of the twist-2 distribution h1 and the
dynamical twist-3 distribution HFL. Analogous to the case of
gT and g
⊥(1)
1T , insertion of (48) into (18) leads to the expression
for h⊥(1)1L as
h⊥(1),q1L (x) = x
2
∫ (x)
x
dx1
hq1(x1)
x21
−mq
M
x2
∫ (x)
x
dx1
gq1(x1)
x31
+2x2
∫ (x)
x
dx1
x31
P
∫ 1
−1
dx2
2x1 − x2
(x1 − x2)2 H
q
FL(x1, x2) . (49)
One can repeat the same procedure for the fragmentation
functions. From (44) and (20), one obtains the results for H
and H⊥(1)1 as
Hq(z) =
∫ 1
z
dz1
∫ ∞
z1
dz2
z22
×
2
[ ( 2( 2z1 − 1z2 ) + 1z1 ( 1z1 − 1z2 ) δ ( 1z1 − 1z )) =[HˆqFU(z1, z2)](
1
z1
− 1z2
)2 ] ,
(50)
H⊥(1),q1 (z) = − 2z
∫ 1
z
dz1
∫ ∞
z1
dz2
z22
(
2
z1
− 1z2
)
=[HˆqFU(z1, z2)](
1
z1
− 1z2
)2 ,
(51)
where again with regards to the delta function δ(1/z1 − 1/z) it
is to be understood that z falls within the range of integration
(z, 1), i.e.,
∫ 1
z dz1D(z1)δ(1/z1 − 1/z) = z2D(z).
The formulae for DT and D
⊥(1)
1T can be obtained from (41)
and (22), and they read
DqT (z) = −z
∫ 1
z
dz1
z1
∫ ∞
z1
dz2
z22
×
9[ (1 + 1z1 δ ( 1z1 − 1z )) =[GˆqFT (z1, z2)]
1
z1
− 1z2
−
(
3
z1
− 1z2 + 1z1
(
1
z1
− 1z2
)
δ
(
1
z1
− 1z
))
=[DˆqFT (z1, z2)](
1
z1
− 1z2
)2 ] ,
(52)
D⊥(1),q1T (z) =
∫ 1
z
dz1
z1
∫ ∞
z1
dz2
z22
[=[GˆqFT (z1, z2)]
1
z1
− 1z2
−
(
3
z1
− 1z2
)
=[DˆqFT (z1, z2)](
1
z1
− 1z2
)2 ] . (53)
The formulae for GT and G
(1)
1T are given by
GqT (z) = −z
∫ 1
z
dz′
Gq1(z
′)
z′2
− z
∫ 1
z
dz1
z1
∫ ∞
z1
dz2
z22
×
[ (1 + 1z1 δ ( 1z1 − 1z )) <[DˆqFT (z1, z2)]
1
z1
− 1z2
−
(
3
z1
− 1z2 + 1z1
(
1
z1
− 1z2
)
δ
(
1
z1
− 1z
))
<[GˆqFT (z1, z2)](
1
z1
− 1z2
)2 ]
+
mq
Mh
z Hq1(z) + z∫ 1
z
dz′
Hq1(z
′)
z′
 , (54)
G(1),q1T (z) = −
∫ 1
z
dz′
Gq1(z
′)
z′2
−
∫ 1
z
dz1
z1
∫ ∞
z1
dz2
z22
×
[<[DˆqFT (z1, z2)]
1
z1
− 1z2
−
(
3
z1
− 1z2
)
<[GˆqFT (z1, z2)](
1
z1
− 1z2
)2 ]
+
mq
Mh
∫ 1
z
dz′
Hq1(z
′)
z′
, (55)
Finally, the formulae for HL and H
⊥(1)
1L read
HqL(z) = −2
∫ 1
z
dz′
Hq1(z
′)
z′
+
mq
Mh
(
zGq1(z) + 2
∫ 1
z
dz′Gq1(z
′)
)
− 4
∫ 1
z
dz1
∫ ∞
z1
dz2
z22
<[HˆqFL(z1, z2)] ×
(1/(2z))(1/z1 − 1/z2)δ(1/z1 − 1/z) + 2/z1 − 1/z2
(1/z1 − 1/z2)2 ,
(56)
H⊥(1),q1L (z) = −
1
z
∫ 1
z
dz′
Hq1(z
′)
z′
+
mq
Mh
1
z
∫ 1
z
dz′Gq1(z
′)
−2
z
∫ 1
z
dz1
∫ ∞
z1
dz2
z22
2/z1 − 1/z2
(1/z1 − 1/z2)2<[Hˆ
q
FL(z1, z2)] . (57)
Like for their counterparts gT , g
(1)
1T and hL, h
⊥(1)
1L on the dis-
tribution side, we also have WW-approximations for the frag-
mentation functions GT , G
(1)
1T in Eqs. (54), (55) and HL, H
⊥(1)
1L
in Eqs. (56) and (57). By dropping the quark-gluon-quark
fragmentation functions DˆFT , GˆFT , and HˆFL, one can describe
the functions G(1)1T , GT and HL, H
⊥(1)
1L solely by the twist-2
fragmentation functionsG1 and H1, respectively. We note that
the other intrinsic and kinematical twist-3 functions found in
Eqs. (50)–(53), like the moment H⊥(1)1 of the Collins function,
vanish if one neglects three-parton fragmentation functions.
III. LORENTZ INVARIANCE IN THE CALCULATION OF
PARTONIC COEFFICIENTS FOR `N → hX IN
COLLINEAR TWIST-3 FACTORIZATION
In this section we demonstrate that the LIRs in Eqs. (31),
(45), (42), and (38) not only serve as constraints on the vari-
ous twist-3 functions but are of vital importance in the calcu-
lation of physical processes. To this end we focus on the “sim-
ple” reaction, `(l) + N(P) → h(Ph) + X, where the collinear
twist-3 formalism can be easily applied. We re-evaluate sev-
eral transverse spin observables in this process at LO accuracy
and show explicitly how LIRs are used in order to obtain the-
oretically consistent results.
One observation about the Lorentz invariance in the twist-3
formalism has already been made in Ref. [65]. In that work,
the double-spin asymmetry ALT of a longitudinally polarized
lepton colliding with a transversely polarized nucleon was cal-
culated, i.e., ~`N↑ → h X. In fact, this double-spin observable
was computed in two frames: in the center-of-mass frame
of the lepton and nucleon (see Eq. (17) of Ref. [65]), and
in the center-of-mass frame of the nucleon and hadron (see
Eq. (18) of Ref. [65]). While the twist-3 fragmentation term
for ALT was manifestly the same in both frames, the contribu-
tion from twist-3 distribution functions in the two frames ini-
tially seemed to be different. But with the help of the LIR (31)
this piece could be brought to the same form in both frames.
In general, twist-3 cross sections, a priori, could be frame-
dependent since the partonic coefficient functions depend on
the lightcone vectors n and m, which in turn depend on the
chosen reference frame. The lightcone vectors enter through
the parameterizations (3), (9), and (15) of the matrix elements
on the nucleon side as well as in the parameterizations (4),
(10), and (16) on the fragmentation side. It is only after ap-
plying the LIRs that one eliminates the frame-dependence and
sees the Lorentz invariance of the result. Note that an ex-
plicit dependence on the lightcone vectors does not show up
in the calculations of partonic twist-2 cross sections but can
be naturally expected for twist-3 observables because every
description of a twist-3 observable will contain “transverse”
quantities (e.g., a transverse spin component). And, as men-
tioned before, one needs two lightcone directions to define a
“transverse” plane.
The lightcone vectors n and m can always be expressed
in terms of physical vectors that are inherent to the pro-
cess under consideration. For a general inclusive process
A(PA) + B(PB) → C(PC) + X one might utilize the momenta
PA, PB, and PC of particles A, B, and C, respectively. In our
example process, `(l) + N(P) → h(Ph) + X, we express the
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FIG. 1. Subfigure (a): Factorization (of the amplitude) in terms of two-parton quark correlators of the process `(l) + N(P) → h(Ph) + X.
The square blob stands for the hard partonic scattering while the bottom and top oval blobs represent the soft distribution and fragmentation
functions, respectively. This diagram describes twist-2 observables and intrinsic and kinematical twist-3 effects. Subfigure (b): Leading-order
diagram for the hard partonic scattering.
lightcone momenta in terms of lµ, Pµ, Pµh, and a fourth 4-
vector µνρσlνPρPhσ ≡ µlPPh . Those vectors form a basis of
the Minkowski space, and we can write the lightcone vectors
n and m in the most general way as
nµ = χP Pµ + χl lµ + χh P
µ
h + χ 
µlPPh ,
mµ = ηP Pµ + ηl lµ + ηh P
µ
h + η 
µlPPh . (58)
Such decompositions like Eq. (58) are valid for any 4-vector.
In addition, the vectors nµ and mµ must obey the constraints
n2 = m2 = 0 and P · n = Ph · m = 1. These conditions elimi-
nate four of the eight coefficients, and we obtain the following
linear combinations,
nµ = χ Pµh +
2+χT
S l
µ +
[
χU(2+χT )
2S +
STU
8 χ
2

]
Pµ + χ µlPPh ,
mµ = η Pµ − 2+ηTU lµ +
[
ηS (2+ηT )
2U +
STU
8 η
2

]
Pµh + η
µlPPh .
(59)
In these expression we have made use of the Mandelstam vari-
ables S = (l+ P)2, T = (P− Ph)2, and U = (l− Ph)2. We note
that the coefficients χ, η, χ , and η are left unconstrained, and
any choice of those coefficients may be acceptable unless one
imposes additional requirements. In fact, different values for
these coefficients correspond to different choices of reference
frames. In the case of ` N → h X, for instance, one may work
in the lepton–nucleon c.m. frame, which is often a reasonable
approximation to the lab frame. In this frame, the lightcone
vector nµ would be a vector that is collinear to lµ. In (59) this
would correspond to χ = 0 and χ = 0. On the other hand, if
one chooses to work in a nucleon–hadron c.m. frame (often a
convenient choice for calculations), one selects lightcone vec-
tors nµ and mµ which are collinear to Pµh and P
µ, respectively.
Hence, one has χ = η = −2/T and χ = η = 0 for this choice
of frame. Consequently, one sees in the collinear twist-3 for-
malism that there is the potential to obtain seemingly different
results in different frames (as in Ref. [65]) due to the fact that
different lightcone vectors nµ and mµ are used. However, as
was the case in Ref. [65], and as we will see below, the use of
LIRs resolves the apparent discrepancy.
We will proceed with a re-evaluation of four transverse
spin observables in the inclusive hadron production process in
lepton-nucleon scattering ` N → h X, using now the general
form of the lightcone vectors nµ and mµ in (59). We emphasize
that leaving the coefficients χ, η, χ , η unconstrained corre-
sponds to a calculation for an arbitrary reference frame. The
reactions we will consider are 1) The SSA of a transversely
polarized nucleon AUTU ; 2) the DSA of a longitudinally polar-
ized lepton and a transversely polarized nucleon ALTU ; 3) the
SSA of a transversely polarized hadron AUUT (e.g., Λ-hyperon
production); and 4) the DSA of a longitudinally polarized lep-
ton and a transversely polarized hadron ALUT . The SSA AUTU
has been calculated in Ref. [64] at LO accuracy. A LO calcu-
lation for the DSA ALTU has been presented in Ref. [65], and
recently the SSA for polarized Λ-hyperons was calculated in
Ref. [66]. To the best of our knowledge the double-spin asym-
metry ALUT of a longitudinally polarized lepton and a trans-
versely polarized outgoing hadron has never been analyzed in
the collinear twist-3 formalism.
In order to obtain a LO result for our example process,
one has to calculate the intrinsic, kinematical, and dynami-
cal twist-3 contributions. The diagram in Fig. 1a, with the
hard part shown in Fig. 1b, yields the intrinsic and kinemat-
ical pieces. The dynamical parts are sketched in Figs. 2a
and 3a, with their hard scatterings shown in Figs. 2b and 3b,
respectively. We refrain from giving detailed computational
steps of these transverse spin observables in the twist-3 for-
malism and refer to the aforementioned papers. We note that
we have performed the calculation in both Feynman gauge
and lightcone gauge and also explicitly checked that all the
cross sections satisfy electromagnetic gauge invariance. We
will present our results in the following and will neglect quark
masses throughout.
A. SSA AUTU of a transversely polarized nucleon
We start with the SSA for a transversely polarized nucleon
and explicitly give results for the different twist-3 contribu-
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FIG. 2. Subfigure (a): Factorization (of the amplitude) in terms of quark-gluon-quark correlators for distributions. The square blob stands for
the hard partonic scattering while the bottom oval blob represents the three-parton distribution functions, and the top oval blob represents a
twist-2 fragmentation. This diagram describes dynamical twist-3 effects. Subfigure (b): Leading-order diagram for the hard partonic scattering.
tions (intrinsic, kinematical, and dynamical). Even though
we have performed the calculation in both Feynman gauge
and lightcone gauge, the intermediate steps given here are for
Feynman gauge. We note that there are different approaches
on how to carry out this computation (see, e.g., [22, 105]), and
the technique presented here follows more closely Ref. [105].
The calculation of the intrinsic twist-3 effects for the SSA
of a transversely polarized nucleon is straightforward and can
be obtained from Fig. 1. At leading order we obtain the fol-
lowing result,
Eh
dσint. tw3LO (S N)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
x
∫ 1
0
dz
z3
δ(s + t + u) ×
xMh h
q
1(x)
Hq(z)
z
[
 lPPhS N
t2
(
ηzs
x
− 1
)
+
(T
S
(l · S N) + (Ph · S N)
)
ηz2
4x2
(
s2u
t2
) ]
, (60)
where
∑
q runs over all quarks and antiquarks. The partonic
Mandelstam variables s = xS , t = xzT , u =
1
zU were intro-
duced in Eq. (60) as well. We note that the parameters η and
η , which specify the lightcone vector mµ in (59), explicitly
appear in the hard scattering. Hence, the intrinsic twist-3 con-
tribution, considered on its own, depends on the choice of mµ
and is therefore frame-dependent.
The kinematical twist-3 contribution to the nucleon SSA
can be derived from Fig. 1 as well, and we obtain explicitly
Eh
dσkin. tw3LO (S N)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
x
∫ 1
0
dz
z3
δ(s + t + u) ×
{
xM Dq1(z)
[
 lPPhS N f⊥(1),q1T (x)
(
(s − u)2 − tu
t3u
)
+x
d
dx
(
f⊥(1),q1T (x)
) ( s2 + u2
t2
) [
 lPPhS N
s
(
1
u
− χz
2x
)
−
(T
S
(l · S N) + (Ph · S N)
)
χzs
8x3
]]
+ xMh h
q
1(x)
[
H⊥(1),q1 (z)
[
 lPPhS N
t2
(
4s
t
+
ηzs
x
)
+
(T
S
(l · S N) + (Ph · S N)
)
ηz2
4x2
(
s2u
t2
) ]
+z
d
dz
(
H⊥(1),q1 (z)
) [  lPPhS N
t2
(
2 − ηzs
x
)
−
(T
S
(l · S N) + (Ph · S N)
)
ηz2
4x2
(
s2u
t2
) ]]}
. (61)
Again we find an explicit dependence of the kinematical twist-
3 contributions on the specific choice of the lightcone vectors
nµ and mµ. As a last step we have to calculate the dynamical
twist-3 contributions from Figs. 2 and 3. We find the result
Eh
dσdyn. tw3LO (S N)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
x
∫ 1
0
dz
z3
δ(s + t + u) ×
{
xM Dq1(z)
[
 lPPhS N piFqFT (x, x)
( s − u
t3
)
+ pix
d
dx
(
FqFT (x, x)
) ( s2 + u2
t2
) [
 lPPhS N
s
(
1
t
+
χz
2x
)
+
(T
S
(l · S N) + (Ph · S N)
)
χzs
8x3
]]
+xMh h
q
1(x)
[
 lPPhS N
2 ∫ ∞
z
dz′
z′2
=[HˆqFU](z, z′)
1
z − 1z′
 (− s − ut3
)
+
2z
∫ ∞
z
dz′
z′2
=[HˆqFU](z, z′)(
1
z − 1z′
)2

(
2s
t2
) [
 lPPhS N
(
1
t
+
ηz
2x
)
+
(T
S
(l · S N) + (Ph · S N)
)
ηz2su
8x2
]]}
, (62)
where we have used the identities
(
∂
∂x′ F
q
FT (x, x
′)
) ∣∣∣∣
x′=x
=
1
2
d
dxF
q
FT (x, x) and G
q
FT (x, x) = 0 from the symmetry prop-
erties discussed below Eq. (16), as well as the identity
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FIG. 3. Subfigure (a): Factorization (of the amplitude) in terms of quark-gluon-quark correlators for fragmentation. The square blob stands for
the hard partonic scattering while the top oval blob represents the three-parton fragmentation functions, and the bottom oval blob represents
a twist-2 parton distribution. This diagram describes dynamical twist-3 effects. Subfigure (b): Leading-order diagram for the hard partonic
scattering.
∂
∂(1/z′)<[HˆqFU(z, z′)]|z′=z = 0 derived in Appendix A.
In order to find the full LO result, we have to add Eqs. (60),
(61), and (62). In doing so, one sees the essential role that
LIRs (and other operator relations involving gluonic pole
matrix elements) play in ensuring a frame-independent re-
sult. For example, adding the coefficients of χ and χ of the
derivative terms of the functions f⊥(1),q1T (x) in Eq. (61) and of
FqFT (x, x) in Eq. (62) leads to the term
d
dx
(
piFqFT (x, x) − f⊥(1),q1T (x)
)
Dq1(z)
(
s2 + u2
st2
)
×(
χz
2x
 lPPhS N +
χzs2
8x3
(T
S
(l · S N) + (Ph · S N)
))
. (63)
We see that this term vanishes (as it must) due to the
well-known relation between the (gluonic pole) Qiu-Sterman
matrix element FFT (x, x) [15–17, 21] and the transverse-
momentum moment of the Sivers function [43],
piFqFT (x, x) = f
⊥(1),q
1T (x) , (64)
which has been derived on the operator level in Ref. [106].
We note that (64) holds for a Wilson line as defined in
Eq. (5) which is typically relevant in a TMD description of
semi-inclusive deep-inelastic scattering (SIDIS) processes (cf.
Ref. [80]). (We note that, in principle, we could reverse the ar-
gument and “re-derive” (64) by demanding that physical ob-
servables be independent of the choice of lightcone vectors.)
Let us now look at the term proportional to the parameters η
and η when adding the intrinsic, kinematical, and dynamical
twist-3 contributions (60), (61), and (62). In this sum we find
the term:
hq1(x)
Hq(z)z +
(
1 − z d
dz
)
H⊥(1),q1 (z) +
2
z
∫ ∞
z
dz′
z′2
=[HˆqFU](z, z′)(
1
z − 1z′
)2

×
(
ηz
2x
 lPPhS N +
ηz2su
8x2
(T
S
(l · S N) + (Ph · S N)
))(2s
t2
)
. (65)
We see that this piece vanishes due to the LIR we have de-
rived in Eq. (45). (As before, we note that requiring physical
observables to be independent of the choice of lightcone vec-
tors leads to a “re-derivation” of the relation (45).) Though
in our example we have considered only the LO result, we
conjecture that the cancelation of the parameters χ, η, χ , η
should hold to all orders by means of the LIRs derived in the
previous section.
By applying the relations (64), (45), as well as the e.o.m. re-
lation (20), to the intrinsic, kinematical, and dynamical twist-
3 contributions (60), (61), and (62), we can achieve an enor-
mous simplification and obtain a compact result for the nu-
cleon SSA,
Eh
dσLO(S N)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
∫ 1
0
dz
z3
δ(s + t + u)
×  lPPhS N
[
piM
(
1 − x d
dx
)
FqFT (x, x) D
q
1(z)
(
s2 + u2
t3u
)
+Mh h
q
1(x)
(
Hq(z)
z
(
2(u − s)
t3
)
+
(
1 − z d
dz
)
H⊥(1),q1 (z)
(
2u
t3
) )]
. (66)
This agrees with Ref. [64] after we apply (45) to their re-
sult. We remind the reader that Ref. [22] provides another
Feynman-gauge formalism for calculating the pole contribu-
tions from the twist-3 distribution correlator, which directly
leads to the FFT (x, x)-contribution in Eq. (66) without re-
course to the intermediate steps given in (61) and (62).
The formula (66) contains two twist-3 fragmentation func-
tions, H and H⊥(1)1 . By means of Eqs. (51) and (50), we can ex-
press these functions in terms of a single twist-3 quark-gluon-
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quark fragmentation function =[HˆFU]. The nucleon SSA then
takes the final form,
Eh
dσLO(S N)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
x2
∫ 1
0
dz
z
δ(s + t + u)
× 
lPPhS N
T 2
[
M
(
1 − x d
dx
)
pi FqFT (x, x) D
q
1(z)
(
s2 + u2
tu
)
+Mh h
q
1(x)
(
− 4
z
∫ 1
z
dz1
∫ ∞
z1
dz2
z22
=[HˆqFU(z1, z2)](
1
z1
− 1z2
)2 ×[
2s
t
(
2
z1
− 1
z2
) (
1 +
1
2z1
δ
(
1
z
− 1
z1
))
− s − u
z21t
δ
(
1
z
− 1
z1
) ])]
.
(67)
We see that the nucleon SSA can be expressed in pQCD solely
in terms of three-parton twist-3 correlation functions (along
with twist-2 distribution/fragmentation functions like h1 and
D1). Since we find the same behavior for the other transverse
spin observables (see below), we conclude that these three-
parton correlation functions are the key ingredients for the
description of twist-3 observables whereas intrinsic and kine-
matical twist-3 functions may be viewed as auxiliary func-
tions.
B. DSA ALTU of a longitudinally polarized lepton and a
transversely polarized nucleon
We proceed in a similar fashion with the DSA of a longitu-
dinally polarized lepton and a transversely polarized nucleon.
Upon adding the intrinsic, kinematical, and dynamical twist-3
effects we find again that any dependence on the parameters χ,
η, χ , and η cancels when the LIR (31) is applied. By means
of the e.o.m. relations (17) and (21) we find a compact result
that was already given in Ref. [65],
Eh
d∆σLO(S N)
d3~Ph
≡ 1
2
Eh dσλ`=+1LO (S N)
d3~Ph
− Eh
dσλ`=−1LO (S N)
d3~Ph

=
8α2em
S
∑
q
e2q
∫ 1
0
dx
x
∫ 1
0
dz
z3
δ(s + t + u) ×
[ (
z2M (l · S N)
−2T
)
gq1(x) D
q
1(z)
( s − u
s
)
+
(T
S
(l · S N) + (Ph · S N)
) [
M
(
x gq1(x)
( s − u
2t2
)
+x gqT (x)
(−s
t2
)
+
(
1 − x d
dx
)
g(1),q1T (x)
(
s(s − u)
2t2u
) )
Dq1(z)
+Mh h
q
1(x)
Eq(z)
z
(−s
t2
) ] ]
. (68)
Note that the first term of the integrand in this equation is the
twist-2 DSA for a longitudinally polarized nucleon that is gen-
erated by the twist-2 helicity distribution g1. The DSA for a
transversely polarized nucleon is generated by g1, the twist-3
distribution functions gT and g
(1)
1T , and the twist-3 fragmenta-
tion function E. Again, by applying the relations (21), (47),
and (46) we can express this double-spin observable in terms
of three-parton correlation functions,
Eh
d∆σLO(S N)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
x
∫ 1
0
dz
z3
δ(s + t + u) ×
[ (
z2M (l · S N)
−2T
)
gq1(x) D
q
1(z)
( s − u
s
)
+
(T
S
(l · S N) + (Ph · S N)
)
×[
xM
{
gq1(x)
(u − s
2tu
)
− s
t2
∫ 1
x
dx′
g1(x′)
x′
− s
t2
∫ 1
x
dx1
x21
P
∫ 1
−1
dx2
[
1 − x1δ(x1 − x)
x1 − x2 F
q
FT (x1, x2)
− 3x1 − x2 − x1(x1 − x2)δ(x1 − x)
(x1 − x2)2 G
q
FT (x1, x2)
]
+
s(s − u)
2xt2u
P
∫ 1
−1
dx′
[
1
x − x′ F
q
FT (x, x
′)
− 3x − x
′
(x − x′)2 G
q
FT (x, x
′)
]}
Dq1(z)
+ Mh
2s
t2
hq1(x)
∫ ∞
z
dz′
z′2
<[HˆqFU(z, z′)]
1
z − 1z′
] ]
. (69)
Note that the contribution in (69) that is given by g1 may be
considered the WW approximation to the DSA ALTU upon
the assumption that the three-parton correlation functions are
small.
C. SSA AUUT of a transversely polarized hadron
We now consider the SSA of a transversely polarized (out-
going) hadron. We again follow the same steps as for the other
observables, i.e., add the intrinsic, kinematical, and dynamical
twist-3 contributions. Similar to the nucleon SSA, the coeffi-
cient of the parameters χ and χ vanishes due to a relation
involving the (gluonic pole) matrix element HFU(x, x) and the
transverse-momentum moment h⊥(1)1 (x) of the Boer-Mulders
function [107]. The identity, first derived on the operator level
in [106] for a Wilson line as defined in Eq. (5), reads
piHqFU(x, x) = h
⊥(1),q
1 (x) . (70)
Likewise, the coefficient of η and η vanishes due to the LIR
(42). In addition to (70) and (42), one may also use the
e.o.m. relation (22) in order to obtain a compact result, which
is in agreement with the one in Ref. [66] after we apply (42)
to their calculation,
Eh
dσLO(S h)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
∫ 1
0
dz
z3
δ(s + t + u) ×
 lPPhS h
(
M
[
pi x
dHqFU(x, x)
dx
(
2s
t3
) ]
Hq1(z) (71)
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+Mh f
q
1 (x)
[
DqT (z)
z
(−2(s − u)
t3
)
+ z
dD⊥(1),q1T (z)
dz
(
s2 + u2
st3
) ])
.
We may insert the expressions (53) and (52) into (71) in order
to write the observable in terms of three-parton correlation
functions,
Eh
dσLO(S h)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
∫ 1
0
dz
z3
δ(s + t + u) ×
 lPPhS h
(
M
[
pi x
dHqFU(x, x)
dx
(
2s
t3
) ]
Hq1(z)
+Mh f
q
1 (x)
[−2(s − u)
t3
∫ 1
z
dz1
z1
∫ ∞
z1
dz2
z22
×
[ ( 3
z1
− 1z2 + z
(
1
z1
− 1z2
)
δ(z1 − z)
)
=[DˆqFT (z1, z2)](
1
z1
− 1z2
)2
− (1 + z δ(z1 − z))=[Gˆ
q
FT (z1, z2)](
1
z1
− 1z2
) ]
+
s2 + u2
st3
∫ ∞
z
dz′
z′2
[ ( 3
z − 1z′
)
=[DˆqFT (z, z′)](
1
z − 1z′
)2
−=[Gˆ
q
FT (z, z
′)](
1
z − 1z′
) ] ]) . (72)
D. DSA ALUT of a longitudinally polarized lepton and a
transversely polarized hadron
To complete this list of example observables we also calcu-
late the DSA of a longitudinally polarized lepton and a trans-
versely polarized (outgoing) hadron. As before, we add all
twist-3 contributions and see that the coefficients of the pa-
rameters χ, χ , η, η vanish due to the LIR (38). Then, using
the e.o.m. relations (19) and (23), we obtain the following re-
sult,
Eh
d∆σLO(S h)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
∫ 1
0
dz
z3
δ(s + t + u) ×
{ (
zMh(l · S h)
−2xU
)
f q1 (x)G
q
1(z)
(u − s
t
)
+
(
− T
U
(l · S h) + (P · S h)
) [
xM eq(x) zHq1(z)
( u
t2
)
+zMh f
q
1 (x)
[
Gq1(z)
z
( s − u
2t2
)
+
GqT (z)
z
( u
t2
)
+z
d
dz
(
G(1),q1T (z)
) (u(s − u)
2st2
) ]]}
. (73)
Like in Eq. (68), we find in (73) contributions for a longitu-
dinally polarized hadron (terms proportional to G1), whereas
the rest describes transverse polarization. Using (55) and (54)
to express the intrinsic and kinematical twist-3 functions in
terms of dynamical three-parton functions, we find
Eh
d∆σLO(S h)
d3~Ph
=
8α2em
S
∑
q
e2q
∫ 1
0
dx
∫ 1
0
dz
z3
δ(s + t + u) ×
{ (
zMh(l · S h)
−2xU
)
f q1 (x)G
q
1(z)
(u − s
t
)
+
(
− T
U
(l · S h) + (P · S h)
)
×[
− 2M
P∫ 1
−1
dx′
HqFU(x, x
′)
x − x′
 z Hq1(z) ( ut2
)
+zMh f
q
1 (x)
[
Gq1(z)
z
(u − s
2st
)
− u
t2
∫ 1
z
dz′
Gq1(z
′)
z′2
− u
t2
∫ 1
z
dz1
z21
∫ ∞
z1
dz2
z22

(
z1 + δ( 1z − 1z1 )
)
1
z1
− 1z2
<[DˆqFT (z1, z2)]
−
3 −
z1
z2
+ ( 1z1 − 1z2 ) δ( 1z − 1z1 )(
1
z1
− 1z2
)2
<[GˆqFT (z1, z2)]

+
u(s − u)
2st2
∫ ∞
z
dz′
z′2
 11
z − 1z′
<[DˆqFT (z, z′)]
−
3
z − 1z′(
1
z − 1z′
)2<[GˆqFT (z, z′)]



 . (74)
IV. CONCLUSIONS
In this paper we have addressed the Lorentz invariance of
twist-3 observables. We derived so-called Lorentz invari-
ance relations among twist-3 correlators based on the QCD
e.o.m. and identities among non-local operators, where, in
particular, Eqs. (45), (42), (38), (39) for fragmentation func-
tions are novel formulae from this work. Moreover, we
showed how intrinsic and kinematical twist-3 functions can be
written in terms of dynamical (three-parton) functions — see
Eqs. (47)–(54). Thus, twist-3 observables can be expressed
exclusively through quark-gluon-quark (and tri-gluon) corre-
lations.
In addition, we investigated why twist-3 observables are
not manifestly frame-independent, i.e., why one needs LIRs
to demonstrate their Lorentz invariance. We found that the
frame-dependence enters through the lightcone vectors nµ, mµ
that are “adjoint” vectors to the nucleon/hadron momenta.
Since twist-3 effects contain “transverse” quantities (e.g., a
transverse spin component) that depend on these vectors, this
initially leads to results that depend on the specific choice of
nµ, mµ, which corresponds to the choice of frame. However,
the use of LIRs subsequently eliminates this dependence, and
one in the end has Lorentz invariant observables.
Finally, we demonstrated this feature explicitly by cal-
culating asymmetries in ` N → h X for various lep-
ton/nucleon/hadron polarizations: AUTU , ALTU , AUUT , ALUT ,
with the last one a new result from this work. All results were
checked in two color gauges (Feynman and lightcone) and
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shown to satisfy electromagnetic gauge invariance. Thus, we
have further established the theoretical validity of the collinear
twist-3 formalism used in the computation of both distribu-
tion and fragmentation effects for SSAs and DSAs in lepton-
nucleon and proton-proton collisions.
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Appendix A: Proof that ∂
∂(1/z′)∆
ρ
F
(z, z′)
∣∣∣∣
z′=z
= 0
In this Appendix we will prove that ∂
∂(1/z′) ∆
ρ
F(z, z
′)
∣∣∣∣
z′=z
= 0,
where ∆ρF(z, z
′) is given in Eq. (14), which we write here again
for completeness:
∆
q,ρ
F,i j(z, z
′) =
1
Nc
∑
X
∫ ∫ ∞
−∞
dλ
2pi
∫ ∞
−∞
dµ
2pi
ei
λ
z′ +i(
1
z − 1z′ )µ
× 〈0| ig mηFηρ(µm) qi(λm)|PhS h ; X〉〈PhS h ; X|q¯ j(0) |0〉 .
(A1)
(We have ignored the Wilson lines for brevity as they will
not affect our proof.) The arguments follow closely those
of Ref. [78]. We start by taking the derivative of (A1) w.r.t.
1/z′, inserting a complete set of states in between Fηρ(µm)
and qi(λm), shifting the fields to a spacetime point of 0, and
then setting z′ = z. This gives
∂∆
q,ρ
F,i j(z, z
′)
∂(1/z′)
∣∣∣∣∣∣
z=z′
=
1
Nc
∑
X,Y
∫ ∫ ∞
−∞
dλ
2pi
∫ ∞
−∞
dµ
2pi
i(λ − µ)
× eiλ( 1z −1+(PY−PX )·m)e−iµPY ·m 〈0| ig mηFηρ(0)|Y〉
× 〈Y | qi(0)|PhS h ; X〉〈PhS h ; X|q¯ j(0) |0〉
=
1
Nc
∑
X,Y
∫ ∫ ∞
−∞
dλ
2pi
iλ eiλ(
1
z −1−PX ·m) δ(PY ·m) 〈0| ig mηFηρ(0)|Y〉
× 〈Y | qi(0)|PhS h ; X〉〈PhS h ; X|q¯ j(0) |0〉
+
1
Nc
∑
X,Y
∫ ∫ ∞
−∞
dµ
2pi
(−iµ) δ(1/z − 1 + (PY − PX)·m) e−iµPY ·m
× 〈0| ig mηFηρ(0)|Y〉〈Y | qi(0)|PhS h ; X〉〈PhS h ; X|q¯ j(0) |0〉 .
(A2)
As is discussed in detail after Eq. (5) in [78], the first term
in Eq. (A2) is zero because δ(PY ·m) tells us that all the par-
ticles in the intermediate state |Y〉 (since they are on-shell)
must be massless and move in the n-direction, and the ma-
trix element 〈0| ig mηFηρ(0)|Y〉 vanishes in that case. There-
fore, we focus on the second term in Eq. (A2). We note that∑
Y
∫
=
∑
Y1
∫ · · ·∑YN∫ if there are N particles in the intermediate
state |Y〉. We perform a change of variables so that one now
has
∑
Y
∫ → ∑Y ′∫ = ∑Y1∫ · · ·∑YN−1∫ ∑Y∫ . This leads to
∂∆
q,ρ
F,i j(z, z
′)
∂(1/z′)
∣∣∣∣∣∣
z=z′
=
1
Nc
∑
X
∫ ∑
Y1
∫
· · ·
∑
YN−1
∫ ∑
Y
∫
d(PY ·m)d2~PYT
2PY ·m (2pi)3
×
∫ ∞
−∞
dµ
2pi
δ(1/z − 1 + (PY − PX)·m) ∂
∂PY ·m
(
e−iµPY ·m
)
× 〈0| ig mηFηρ(0)|Y〉〈Y | qi(0)|PhS h ; X〉〈PhS h ; X|q¯ j(0) |0〉
= − 1
Nc
∑
X
∫ ∑
Y1
∫
· · ·
∑
YN−1
∫ ∑
Y
∫
d(PY ·m)d2~PYT
2PY ·m (2pi)3
× δ(1/z − 1 + (PY − PX)·m) δ(PY ·m)
× 〈0| ig mηFηρ(0) ∂
∂PY ·m
(
|Y〉〈Y |
)
qi(0)|PhS h ; X〉
× 〈PhS h ; X|q¯ j(0) |0〉
− 1
Nc
∑
X
∫ ∑
Y1
∫
· · ·
∑
YN−1
∫ ∑
Y
∫
d(PY ·m)d2~PYT
2 (2pi)3
× ∂
∂PY ·m
( 1
PY ·mδ(1/z − 1 + (PY − PX)·m)
)
δ(PY · m)
× 〈0| ig mηFηρ(0)|Y〉〈Y | qi(0)|PhS h ; X〉〈PhS h ; X|q¯ j(0) |0〉
+ Boundary Terms , (A3)
where Boundary Terms are from the partial integration over
PY ·m. The first and second terms in (A3) vanish for the
same reasons given above (after Eq. (A2)), where the fact that
∂/∂(PY ·m) acts on |Y〉 in the first term does not alter the argu-
ment. This leaves us only with the boundary terms to consider.
One has
Boundary terms =
1
Nc
∑
X
∫ ∑
Y1
∫
· · ·
∑
YN−1
∫ ∑
Y
∫
d2~PYT
2PY ·m (2pi)3
×
∫ ∞
−∞
dλ
2pi
∫ ∞
−∞
dµ
2pi
eiλ(1/z−1+(PY−PX )·m) e−iµPY ·m
× 〈0| ig mηFηρ(0)|Y〉〈Y | qi(0)|PhS h ; X〉
× 〈PhS h ; X|q¯ j(0) |0〉
∣∣∣∣∣PY ·m=∞
PY ·m=(PY1 +···+PYN−1 )·m
(A4)
The upper limit at PY · m = ∞ in Eq. (A4) clearly vanishes.
The lower limit implies PYN · m = 0 and also brings about a
δ((PY1 +· · ·+PYN−1 )·m) after the integration over µ. This means
PY ·m = 0, and so again the matrix element 〈0| ig mηFηρ(0)|Y〉
will vanish. Thus, we find ∂
∂(1/z′) ∆
ρ
F(z, z
′)
∣∣∣∣
z′=z
= 0. We note
that higher derivatives of ∆ρF(z, z
′) evaluated at z′ = z will not
vanish because the boundary terms in these cases are nonzero.
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